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Abstract

We consider the total weighted completion time scheduling
problem for parallel identical machines and precedence con-
straints, P|prec| ZwiCi. We describe a family of natural
scheduling algorithms that optimally solve the single ma-
chine problem, and show that they can be used to achieve
good performance for the multiple machine problem. These
algorithms are efficient and find schedules that are on aver-
age within 1.9% of optimal over a large synthetic benchmark.

We then consider the class of linear programming relax-
ations that have recently been successfully used to produce
approximation algorithms for scheduling problems. We de-
scribe a new linear programming relaxation for the multiple
machine problem that finds schedules that are within 0.39%
of optimal over our benchmark.

This research represents the first experimental evalua-
tion of various algorithms for the general WCT problem, and
represents an extension of the results in Savelsbergh(1998)
to multiple machines and in-tree, chains, and empty prece-
dence constraints.

1 Introduction

A basic scheduling problem is P|prec| Y w;C}, the prob-
lem of scheduling n jobs under precedence constraints on
m identical parallel machines to minimize total weighted
job completion time. Each job ¢ has a positive weight
w; and processing time p;, ¢ = 1,...,n. The start time
of job i in a schedule is denoted S; and the completion
time is denoted C;. A directed acyclic graph describes
the precedence constraints among the jobs such that
an edge from job i to job j in the graph implies that
C; < Sj. In a feasible schedule, no more than one job
executes on any machine at any time, each job is sched-
uled nonpreemptively, and the precedence constraints
are satisfied. The goal of the total weighted completion
time (WCT) problem is to find a feasible schedule of
the n jobs that minimizes ) w;C;. The WCT problem
is NP-hard, even for fixed m = 2 and the empty prece-
dence graph, but it can be solved efficiently if m = 1 for
certain classes of precedence constraints.

2 Algorithms

The following algorithms each consist of two stages.
They first assign priorities to the jobs, and then use
list scheduling to assign each job a start time.
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The LRF algorithm

1. The priority of every job i is p; = w;/p;.
2. Apply list scheduling.

The following algorithm described by Sidney [2]
applies if the precedence constraints form a set of r
chains. We let an ordered pair (i,j) represent a job,
where 7 is the chain number, j is the job’s position
within the chain, and n; is the number of jobs in the ith
chain. We also define Pred(i,j) = {(i,k)|1 < k < j}.
We let C; equal the set of jobs in the ¢th chain. For a set
of jobs U we define the ratio p(U) = >,y wi/ > iy Pi-

The p-max algorithm for chains

1. Begin with an empty priority list 3.
2. Repeat the following until the chains are all empty:

(a) For every nonempty chain C;, let 6; =
max; {p(Pred(i, §))}.

(b) Let 6 = max;{d;}, and let i* and j* be the
largest values such that p(Pred(i*,j*) = 4.

(c) Add the jobs in Pred(i*,j*) in order to the
end of 3, and remove these jobs from Cj«.

3. Apply list scheduling, using 3 as the priority list.

A variation of this chain algorithm can also be used
to find optimal schedules when the precedence graph
is a tree where each job has at most one immediate
successor (i.e. an intree) [2]. Jobs that have more than
one immediate predecessor are called branch jobs, and
a branch job that does not have a direct or indirect
predecessor that is a branch job is called an initial
branch job.

The p-max algorithm for trees

1. Repeat the following until there are no remaining
branch jobs:
(a) Select an initial branch job i.

(b) Use the chain algorithm to optimally order the
jobs in Pred(i) and set 3 equal to this order.

(c) Add a precedence arc (j, k) to the precedence
graph if job j precedes job k in S.



prec No precedence Chains Trees
m 2 4 6 2 4 6 2 4 6

LRF mean | 0.01 | 0.03 | 0.06 | 880 | 8.62 | &8.25 | 11.20 | 14.34 | 13.07
max | 0.09 | 0.31 | 0.42 | 18.54 | 18.22 | 18.43 | 31.25 | 30.80 | 26.50
p-max mean | 0.01 [ 0.03 | 0.06 | 0.19 | 045 | 055 | 233 | 6.55| 7.31
max | 0.09 | 0.31 | 0.42 | 9.57 | 6.66 | 4.59 | 11.32 | 17.45 | 16.76
LP-based | mean | 0.00 | 0.00 | 0.00 | 0.11 | 0.15| 0.11 | 1.29| 1.05| 0.76
max | 0.00 | 0.03 | 0.04 | 1.56 | 1.96 | 1.03| 7.04| 3.46 | 3.67

Table 1: Quality of LRF, p-max and LP-based algo

2. Create a priority list based on the total ordering of
jobs, and apply list scheduling.

The tree algorithm applies the chain algorithm to
initial branch jobs, replacing two chains with a single
chain. This entire procedure can be implemented to
run in O(nlogn) time.

The Linear Programming-based algorithm

The WCT problem is implemented using a straight-
forward integer programming formulation where the bi-
nary variable z,: equals 1 if job n has a start time of
t. We solve the relaxation of this formulation and in-
terpret non-integral variable values as indicating that a
job’s start time is distributed over multiple time peri-
ods. A priority list is created based on the average start
time of each job, and list scheduling is used to create a
feasible schedule.

3 Experiments

We evaluate the algorithms described in the previous
section by applying them to a set of 160 synthetic WCT
instances. An instance consists of a set of n jobs, each
with a processing time and a weight, a precedence graph
on the jobs, and a set of m machines. Instances range
in size from n = 35 to n = 160. The processing time
of each job is uniformly distributed in [1,5], and the
weight of each job is uniformly distributed in [1,100].
Twenty random instances are generated for each n, with
m = 2,4, or 6 for each. Precedence constraints for each
instance are randomly selected such that every unique
graph is equally likely to occur.

We compute solutions for each instance using the
CPLEX integer programming solver running on an
array of 166MHz Sun 4 workstations with 128Mb of
memory. We use the relaxed (nonintegral) version of
the IP formulation to compute a lower bound on the
cost of the optimal schedules for the instances. We then
apply the LRF and p-max algorithms to the instances.
The percentage difference between the heuristics and
the lower bound is shown in Table 1.

rithms vs. lower bound for large instances (1.0 = 1%).

The results indicate that without precedence, the
LRF algorithm finds schedules that are on average
0.03% from the lower bound. When this algorithm
is applied to chains and trees, the average difference
rises to 8.56% and 12.87%, respectively, for the large
instances. In contrast the equivalent differences for the
p-max algorithms are .40% and 5.40%. The p-max
algorithms, which give optimal results for the WCT
problem with n = 1, reduce the average cost for chain
instances by 95% and the average cost of tree instances
by 58% compared to LRF over the entire benchmark.

The LP-based algorithm uses the non-integral so-
lution the the relaxed IP formulation to construct the
priority list. This algorithm finds schedules that are on
average .39% above the lower bound. Much of this dif-
ference can be attributed to the gap between the lower
bound and the optimal value. We note that over all our
experiments there is no straightforward connection be-
tween the number of machines, m > 2, and the quality
of the schedules.

4 Discussion

Our results indicate that the quality of the multiple
machine schedules is closely related to the quality of the
single machine priority list, and that it gets harder to
achieve good results as the complexity of the precedence
constraints increases. The good results produced by the
LP-based algorithm suggest that such approaches may
be useful for solving other difficult scheduling problems.
Extensive research has been done on a range of LP
relaxations, and these formulations may allow even
better results to be obtained.
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