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Abstract

Modulo scheduling is an e�cient technique for exploiting in-
struction level parallelism in a variety of loops, resulting in
high performance code but increased register requirements.
We present a combined approach that schedules the loop op-
erations for minimum register requirements, given a modulo
reservation table. Our method determines optimal register
requirements for machines with �nite resources and for gen-
eral dependence graphs. This method demonstrates the po-
tential of lifetime-sensitive modulo scheduling and is useful
in evaluating the performance of lifetime-sensitive modulo
scheduling heuristics.

1 Introduction

Software pipelining is a technique for exploiting the instruc-
tion level parallelism present among the iterations of a loop
by overlapping the execution of several loop iterations. With
su�cient overlap, some functional unit can be fully utilized,
resulting in a schedule with maximum throughput.

Modulo scheduling [1][2][3] restricts the scheduling space
by using the same schedule for every iteration of a loop and
by initiating successive iterations at a constant rate, i.e. one
initiation interval (II clock cycles) apart. This restriction
is known as the modulo scheduling constraint. Under this
constraint, no resource is used by one iteration more than
once at times that are congruent modulo II. As a result,
searching for a schedule with a given II is greatly simpli�ed.

The scope of modulo scheduling has been widened to a
large variety of loops. Loops with conditional statements
are handled using hierarchical reduction [4] or if-conversion
[5][6]. Loops with conditional exits can also be modulo
scheduled [7]. Furthermore, the code expansion due to mod-
ulo scheduling can be eliminated when using special hard-
ware, such as rotating register �les and predicated execution
[8].

Since modulo scheduling achieves a high throughput by
overlapping the execution of several iterations, it results
in higher register requirements. Furthermore, the regis-
ter requirements increase as the concurrency increases [9],
whether due to using and exploiting machines with faster
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clocks and deeper pipelines, wider issue, or a combination
of both. As a result, a scheduling algorithm that reduces the
register pressure while scheduling for high throughput is in-
creasingly important. Lifetime-sensitive modulo-scheduling
proposed by Hu� [10] is a heuristic that attempts to address
this concern.

In this paper, we treat modulo scheduling as a three
step procedure. Some code generation strategies combine
steps to simultaneously meet distinct objectives; e.g. Hu�'s
approach combines steps one and two below.

1. MRT-scheduling primarily addresses resource con-
straints and is best implemented by using a modulo
reservation table (MRT) [2][11] which contains II rows,
one per clock cycle, and one column for each resource
at which con
icts may occur. Filling the MRT consists
of packing the operations of one iteration within the II
rows of the MRT to obtain a schedule with no resource
con
icts that achieves the highest possible steady state
performance. This step determines the modulo II dis-
tance between any two operations.

2. Iteration-scheduling primarily addresses dependence
constraints, which specify that the distance of each
pair of dependent operations is no less than the la-
tency for such a pair. These constraints are satis�ed
by delaying operations by some (non-negative integer)
multiple of II.

3. Register allocation performs the actual allocation of
virtual registers to physical registers, a scheme that
may vary depending on the hardware support available
and the desired level of loop unrolling and loop peeling
[8][12].

In this paper we present a method that performs the
second step in an optimal fashion for loop iterations that
consist of a single basic block with a general dependence
graph. For if-converted basic blocks, we assume that all
predicates are set to true when performing Step 2. Our
iteration-scheduling method satis�es the dependence con-
straints while simultaneously minimizing MaxLive [1], the
minimum number of registers required to generate spill-free
code. MaxLive corresponds to the maximum number of live
values at any single cycle of the loop schedule. We present
two algorithms for iteration-scheduling, both of which sched-
ule for machines with �nite resources. The �rst linear-
time algorithm can handle loops whose dependence graphs
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Figure 1: MRT and iteration-scheduling for the kernel y[i] = x[i]2+a (Example 1).

have acyclic underlying graphs1. The second general algo-
rithm uses a linear programming approach and can handle
general dependence graphs with unrestricted loop-carried
dependences and common sub-expressions. We can also
quickly determine when the faster �rst method is applicable.

MaxLive can be reduced to a minimum by jointly solving
Steps 1 and 2; however, this remains a di�cult problem un-
der realistic constraints. This paper contributes an e�cient,
optimum solution for Step 2 given an MRT which by itself
can signi�cantly reduce register requirements. Though the
general algorithm presented in this paper may be too ex-
pensive to be integrated in a compiler, the improvements
obtained in register requirements motivate the development
of better heuristics for combined scheduling and register al-
location for modulo-scheduled loops. This method is thus
useful in assessing the performance of modulo-scheduling
heuristics.

This work extends the linear-time algorithm for deter-
mining minimum register requirements by Mangione-Smith
et al. [9], which requires that each virtual register is used at
most once. Our linear-time algorithm permits multiple uses
of each virtual register, provided that the underlying depen-
dence graph is acyclic. Our second (more complex) method
handles general dependence graphs, including loop-carried
dependence and common sub-expressions.

This work complements the register allocation algorithm
presented by Rau et al. [8], which achieves register alloca-
tions that are within one register of the MaxLive bound
for the vast majority of modulo-scheduled loops on ma-
chines with rotating register �les and predicated execution
to support modulo-scheduling. Their algorithm, after exten-
sive loop unrolling and consequent code expansion, typically
achieves register allocations that are within four registers
of the MaxLive bound on machines without hardware sup-
port. Hu� [10] presents a lower bound that is independent
of the MRT-schedule. Our minimum MaxLive value is de-
pendent on the given MRT-schedule; however, our MaxLive
is tight since we also produce an actual iteration schedule
that achieves this MaxLive.

Finally, in contrast to the work by Ning and Gao [13]
and Ramanujam [14], we allow �nite machine resource con-

1The underlying graph is an undirected graph formed by ignoring
the direction of each arc.

straints. Moreover, we do not approximate the register pres-
sure by minimizing the average number of live values over
all cycles, but rather we explicitly minimize the maximum
number of live values at any single cycle of the loop.

2 Register Requirements

In this section, we present the dependence constraints and
illustrate the choices faced by the iteration-scheduler with a
few examples. The example target machine is a hypothet-
ical processor with three independent and fully pipelined
functional units, viz. load/store, add/sub, mult/div. The
memory latency and the add/sub latency is one cycle, the
mult latency is four cycles, and the div latency is eight cy-
cles. We selected these values to obtain concise examples;
however, our method works independently of the numbers
of functional units, resource constraints, and latencies.

Example 1. Our �rst example uses a simple kernel
to illustrate how to compute the register requirements of

a modulo-scheduled loop. This kernel is: y[i] = x[i]2+a,
where the value of x[i] is read from memory, squared, in-
cremented by a constant, and stored in y[i] as shown in the
dependence graph of Figure 1a.

The vertices of the dependence graph correspond to op-
erations and the edges correspond to virtual registers. The
value of each virtual register is de�ned by a unique opera-
tion and once its value has been de�ned, it may be used by
several operations. This graph thus de�nes the de�nition-
use chain (du-chain) of operations that de�ne and use each
virtual register. In this paper, a virtual register is reserved
in the cycle where its de�ne operation is scheduled, and re-
mains reserved until it becomes free in the cycle following
its last-use operation. The lifetime of a virtual register is
the set of cycles during which it is reserved.

The MRT-scheduler places each operation of an itera-
tion somewhere within the modulo reservation table (MRT).
Figure 1b illustrates an MRT-schedule with II = 2 for the
kernel of Example 1 on the target machine. A load, an add,
and a mult operation are scheduled in the �rst row and a
store operation is scheduled in the second row of the MRT.

Once the MRT-schedule is completed, the iteration sched-
uler delays each operation by some integer multiple of II cy-
cles so that it is scheduled only after its input values have
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Figure 2: MRT and iteration-scheduling for the kernel y[i] = x[i]2-x[i]-a (Example 2) with add scheduled early.

been calculated and made available to it by its predecessor
operations. An iteration-schedule for Example 1 is shown
in Figure 1c. This �gure is an execution trace; the MRT is
replicated su�ciently to show one complete iteration. The
circles highlight the operations that belong to the iteration
initiated at a time 0. The circles must be placed so as to
satisfy the speci�ed latencies.

The virtual register lifetimes for this iteration are pre-
sented in Figure 1d. The black bars correspond to the initial
portion of the lifetime which minimally satis�es the latency
of the de�ning functional unit; the grey bars show the addi-
tional lifetime of each virtual register. Ideally, the additional
lifetime should not be longer than one cycle; but, because of
MRT-schedule constraints, it is not always possible to sched-
ule each use operation immediately after its input operand
latencies expire.

The dependence constraints are satis�ed if and only if no
circled operation is placed during the portion of the lifetime
that overlaps with the black bar of a virtual register that
it uses. For example, the add operation uses vr1 and thus
cannot be scheduled at time 2 or 4, but can be scheduled
at time 6. Since the add operation is placed in row 0 of
the MRT, only the rows in the replicated MRT that are
congruent to 0 (mod II) are considered. The add will thus
be delayed by an integer multiple of II, 2�II in this example.

We represent the time interval between two dependent
operations by counting the number of times that a use oper-
ation is skipped before being scheduled. For example in Fig-
ure 1c, from the row of the load operation (row 0) to the row
of the mult operation (row 2), the mult operation is skipped
once in row 0. Therefore, we say that the load/mult opera-
tion pair has a skip factor of 1. Similarly, the skip factor is
2 for the mult/add operation pair and 0 for the add/store
operation pair. The skip factor is within 1 of the iteration
di�erence used in [9] [13].

The problem addressed in this paper can now be de�ned
formally as follows: choose a skip factor (place a circle in the
replicated MRT) for each operation in one iteration so as to
generate a valid iteration-schedule that minimizes MaxLive.
Because of the modulo constraint, MaxLive can be quickly
computed, as illustrated in Figure 1e, by wrapping the life-
times for the �rst iteration around a vector of length II. In
particular, Figure 1e shows the number of live registers in
steady-state loop execution and is be constructed by repli-
cating Figure 1d with a shift of II cycles between successive

copies until the pattern in II successive rows repeats indef-
initely. Figure 1e then displays these II rows in a compact
form. In Figure 1e, we see that exactly six virtual registers
are live in the �rst row and �ve in the second, resulting in
a MaxLive of six.

Figure 1e distinguishes between two distinct contribu-
tions to each virtual register lifetime: the integral and the
fractional part. For virtual registers with several uses, only
the last use and its skip factor, s, is considered. The inte-
gral part spans the entire MRT exactly s times as shown
in Figure 1e. The fractional part spans the rows in the
MRT inclusively from the def operation row forward with
wraparound through the last-use operation row. The length
of the fractional part thus ranges from 1 to II and is equal
to 1 plus the modulo II distance between these rows, as
shown in Figure 1e.

The integral MaxLive is de�ned as the number of integral
part bars in a row, summed over all virtual registers. Simi-
larly, the fractional MaxLive is the number of fractional part
bars in the row with the most fractional part bars. The total
MaxLive is the sum of the fractional and integral MaxLives.

The iteration-schedule presented in Figure 1 results in
the minimum register requirements for this kernel, MRT,
and set of functional unit latencies. Mangione-Smith et al.
[9] have shown that for dependence graphs with at most a
single use per virtual register, as in Example 1, minimizing
each skip factor individually always results in the minimum
register requirements. However, this result does not apply to
general dependence graphs with unrestricted common sub-
expressions and loop carried dependences. Our next exam-
ple illustrates such a dependence graph, in which minimizing
each skip factor individually does not result in the minimum
register requirements.

Example 2. Our second kernel is: y[i] = x[i]2- x[i]-
a, where the value of x[i] is read from memory, squared,
decremented by x[i]+a, and stored in y[i], as shown in
the dependence graph of Figure 2a. We notice that two
operations use vr0 and that two distinct du-chains connect
the load to the sub operation, resulting in a cycle in the
underlying graph. We call such cycles underlying-cycles.

Figure 2b illustrates an MRT-schedule for the kernel of
Example 2 and Figure 2c presents an execution trace with
individually minimized skip factors.

We have already seen that a valid iteration-schedule must
enforce the dependence constraints. In the presence of a cy-

77



a) Dependence graph d) Lifetimes

e) Register requirements

st

ld *

+

− Time: 0, 2, 4, 6

1, 3, 5, 7

Integral part

Fractional part

vr0 vr1 vr2 vr3

Additional 
lifetime

Latency portion
of the lifetime

Schedule of
one iteration

st

ld *

+

−

st

ld *

+

−

st

ld *−

st

ld *

+

−

+

vr0 vr1 vr2 vr3

ld

*

−

1

2

3

4

5

6

7

Time: 0

st

ld

* +

−

st

vr0

vr1 vr2

vr3

c) Replicated MRT

ld/st +/− *

0
1

+

b) MRT (II = 2)

Figure 3: MRT and iteration-scheduling for the kernel y[i] = x[i]2-x[i]-a (Example 2) with add scheduled late.

cle in the underlying dependence graph, we must also insure
that the cumulative distances on a path that traverses an
underlying-cycle is zero. The cumulative distance of a path
is the algebraic sum of the distances of consecutive def/use
operation pairs (edges) along that path, where the distance
is taken as negative if the edge is traversed in the direction
from use to def. In Figure 2d, this new constraint insures
that the two skip distances arriving to the sub operation are
chosen consistently. We will refer to these new constraints
as the underlying-cycle constraints.

In Figure 2 the add operation was scheduled as soon as
the load completed. However, we can also schedule the add
later without delaying the sub, namely at time 3 or 5 since
the result of this operation must be kept alive through time 6
in either case. In Figure 3, the add operation is scheduled
at time 5. By comparing Figures 2e and 3e, we see that
scheduling the add operation later increases the lifetime of
vr0 by 1 1

2 columns, but decreases the lifetime of vr2 by 2
columns. As a result, MaxLive is reduced from 9 to 8 by
scheduling the add operation late. This result is surprising
since we might expect the lifetime increase of vr0 to match
the 2-column lifetime decrease of vr2. However, with an
early add, the mult is the last use of vr0 and the �rst cycle
of additional add delay (row 2) does not increase the vr0
lifetime.

Example 2 shows that scheduling each operation as early
as possible does not necessarily result in minimum regis-
ter requirements for dependence graphs that have cycles in
their underlying graphs, and that a more global iteration-
scheduling algorithm is needed.

To summarize the �ndings of this section, we have seen
that the iteration-scheduler has an impact on the register
requirements for a given kernel, MRT, and set of functional
unit latencies. This iteration-schedule must enforce the de-
pendence constraints, scheduling each operation only after
all its input operands are available. In the presence of cy-
cles in the underlying dependence graph, we must also in-
sure that the cumulative distance that traverses the edges
of each underlying-cycle is zero. Since underlying-cycles can
interact with one another, minimizing the register require-
ments can only be achieved in general by reconciling these
interactions globally for general dependence graphs.

3 Iteration-Scheduling for Minimum Integral
MaxLive

In this section, we present an algorithm that �nds an iteration-
schedule resulting in the minimum integral MaxLive for a
given kernel, MRT, and set of functional unit latencies. We
�rst present the variables that characterize an MRT and an
iteration-schedule. Then, we present the conditions that a
valid schedule must ful�ll and the method that searches for
an iteration-schedule with the minimum integral MaxLive.
We conclude by extending this method to dependence graphs
with loop-carried dependencies.

We omit here the fractional MaxLive because its behav-
ior is highly non-linear. This omission results in iteration-
schedules that require no more than one additional register
per virtual register used multiple times and used at least
once by a use operation in an underlying-cycle. However,
our �nal algorithm will take both the integral and the frac-
tional MaxLive into account.

From the given latency set and MRT, we calculate the
following parameters which describe how each virtual regis-
ter, vr, is de�ned and used:

di row number of the MRT containing the operation
that de�nes vri

uxi row number of the MRT containing the xth op-
eration that uses vri

ni number of operations that use vri
li latency of the operation that de�nes vri

We saw in Section 2 that an iteration-schedule is de�ned
by the skip factor associated with each def/use operation
pair of the dependence graph. We distinguish here between
two causes that lead to skipping an operation:

sxi minimum (non-negative integer) skip factor nec-
essary to hide the latency li for the def/use op-
eration pair di/u

x
i

pxi additional (non-negative integer) skip factor used
to postpone the uxi operation further

The pxi variables are the fundamental unknowns to be de-
cided by the iteration-scheduling algorithm. They will be as-
signed non-negative integer values that minimize MaxLive,
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subject to the underlying cycle constraints. We now develop
an algebraic problem statement for the algorithm.

The distance between an ordered pair of rows of an MRT
with II rows is de�ned as:

dist(X;Y ) = (Y �X) mod II (1)

and corresponds to the distance from row X to the next Y
row, possibly in the next instance of the MRT. For example,
if II = 6, dist(1; 3) = 2 and dist(3; 1) = 4. In a valid
iteration-schedule, the distance of a def/use operation pair,
di/u

x
i , must be no less than the latency of the def operation:

dist(di; u
x
i ) + s

x
i � II � li (2)

namely that the distance from the def operation MRT row
number to the use operation MRT row number, increased
by skipping sxi entire instances of the MRT, must be larger
than the latency of the def operation of vri. Since we are
interested in the smallest non-negative integer value of sxi
that satis�es Equation (2), we obtain:

s
x
i =

�
li � dist(di; u

x
i )

II

�
(3)

All dependence constraints are satis�ed when each use op-
eration is skipped at least sxi times before being scheduled.

Finally, we need to guarantee that all underlying-cycle
constraints are also ful�lled. Consider a directed closed path
in the dependence graph that traverses some underlying-
cycle, called cycle. De�ne signxi to be +1 if the closed path
traverses the edge from the di operation to the uxi operation
(referred to as (i; x) below) in the positive (def-to-use) di-
rection, and �1 if the closed path traverses an edge in the
negative (use-to-def) direction. Signxi is unde�ned if the
corresponding edge, (i; x), is not in the underlying-cycle.
The iteration-schedule distance of a def/use operation pair
is now:

dist(di; u
x
i ) + (sxi + p

x
i ) � II (4)

The cumulative distance of an underlying-cycle is thus:

X
(i;x)2cycle

sign
x
i (cycle)fdist(di; u

x
i ) + (sxi + p

x
i ) � IIg (5)

By setting this cumulative distance to zero we obtain the
following constraint:

X
(i;x)2cycle

sign
x
i (cycle)p

x
i = ��cycle �

X
(i;x)2cycle

sign
x
i (cycle)s

x
i (6)

where �cycle is:

�cycle =
1

II

X
(i;x)2cycle

sign
x
i (cycle) dist(di; u

x
i ) (7)

The �rst noticeable fact is that all but the pxi variables
are fully de�ned by the MRT parameters. The direction
chosen for the path traversal determines the signxi values,
but both directions result in the same Equations (6) and (7).
We are therefore free to set the pxi variables to any positive
integer values, as long as they satisfy Equation (6). The
second important fact is that Equation (6) has a solution
only if �cycle is itself integer valued, since all the sxi and
pxi are integer valued. This is fortunately always the case,

because the cumulative distance from an operation to itself
is by de�nition a multiple of II.

Example 3. Figures 4a and 4b, respectively, show the
dependence graph and an optimal iteration schedule of the
kernel y[i] = (x[i]4+ x[i]+a)/ (x[i]+ b). By postpon-
ing the schedule of the add2 and add3 operation from time 3
and 2 to time 9 and 8 respectively, the register requirements
decrease from 15 to 13. Furthermore, selecting the right
iteration schedule is even more important with wider-issue
machines; for example, with a �ve-wide machine, postponing
these two add operations reduces the register requirements
from 23 to 19 for this kernel and set of latency values. More-
over, this result is achieved with the best MRT for this kernel
and set of latencies.2

We can now use Equation (3) to compute all the sxi val-
ues. The resulting skip factors are shown in Figure 4a. By
convention, we number the multiple def/use operation pairs
in the dependence graph for a single virtual register from
left to right starting with x = 0.

Using these skip factors and computing the � values ac-
cording to Equation (7), as shown in Figure 4a for counter-
clockwise traversal of underlying cycles A and B, the con-
straints for this kernel correspond to the following set of
underlying-cycle constraints:

Constraint A: p
0
0 + p

0
1 + p

0
4 � p

0
2 � p

1
0 = �2

Constraint B: p
1
0 + p

0
2 + p

0
5 � p

0
3 � p

2
0 = 0 (8)

It is su�cient to introduce one constraint per elementary
cycle of the underlying graph, because the constraints of ar-
bitrary complex cycles are simply a linear combination of
the constraints of their elementary cycles. For example, the
constraint associated with the outer cycle of Figure 4 as com-
puted with Equation (7): p00+p01+p04+p05�p03�p20 = �2 can
be obtained by adding the constraints for cycles A and B.
Therefore, satisfying constraints A and B will necessarily
satisfy the constraint associated with the outer cycle.

Although any pxi values that satisfy these constraints re-
sult in a valid iteration-schedule, we are interested in the
solution that minimizes integral MaxLive. As shown in Sec-
tion 2, the integral part of a virtual register lifetime is di-
rectly proportional to the sum of the skip and postpone fac-
tors of the last-use operation. Therefore, the integral part
of the lifetime of vri is:

max
x=0::ni�1

(sxi + p
x
i ) (9)

Using Function (9), we compute the integral MaxLive of
the kernel of Example 3 as the sum of the lifetimes over all
virtual registers:

max(p00; p
1
0 + 1; p20) + p01 + p02 + p03 +

p04 + p05 + p06 + 5 (10)

We can now reduce the problem of �nding an iteration-
schedule that results in the minimum integral MaxLive to
a well-known class of problems, solved by a linear program-
ming (LP) solver [15]. Note, however, that (10) is not ac-
ceptable as the input to an LP-solver, because the objective
function cannot contain any max functions. However, since
we are minimizing the objective function, we can remove the
max function by using some additional inequalities, called
Max Constraints. Finally, we can remove the constant term

2We performed an exhaustive search over all feasible MRT's to
determine the optimal MRT for this kernel.

79



ld0

ld0

ld0

ld0

Time: 0

1

2

3

5

6

7

8

9

10

11

<s  >x
i <p  >x

ia2

a5
a3

a2

a3

a2

a5

a2

a5

a3

a3

m4

m1

d6

m4

d6

m4

m1

d6

m4

m1

ld0

vr1

vr2

vr3

vr4

vr5

vr6

vr0<0>

<0>

<0> <0>
<0>

<0>

<0>

A

B

<2>
<2>m1

m4

a2

a5

a3

d6

st7

st7

st7

4 a5 m1st7

st7

B

ld0

vr1

vr2

vr3

vr4

vr5

vr6

vr0<0>

<1>

<0>

<1>

<0> <1>
<1>

<0>

<2>

A

δ
B = 0δ

a2

a3m1

m4

a5

d6

st7

A = 1

b) Replicated MRT (II = 3)

add: a2, a3, a5

mult: m1, m4
div: d6
load: ld0
store: st7

d6

a5 m119 st7

. . . . .
 .

a) Dependence Graph 

    with skip factors = 

c) Dependence graph

     with postpone factors = 

Figure 4: Skip, postpone, and delta factors for the kernel y[i] = (x[i]4+x[i]+a)/(x[i]+b) (Example 3).

in the objective function. The LP-solver input for the kernel
and MRT presented in Figure 4 is therefore:

Minimize: m0 + p
0
1 + p

0
2 + p

0
3 + p

0
4 + p

0
5 + p

0
6

Constraint A: p
0
0 + p

0
1 + p

0
4 � p

1
0 � p

0
2 = �2

Constraint B: p
1
0 + p

0
2 + p

0
5 � p

2
0 � p

0
3 = 0

Max Constraints: p
0
0 �m0; p

1
0 + 1 � m0;

p
2
0 �m0 (11)

The result of the LP-solver is shown in Figure 4c. We
can verify that the solution for the pxi values, satis�es the
constraints of Equation (11) and yields m0 = 3 with the
other pxi in the objective function being 0, resulting in an
integral MaxLive = m0 + 5 = 8 registers.

Algorithm 1 The minimum integral MaxLive for a kernel
with a general dependence graph,3 MRT, and set of func-
tional unit latencies is found as follows:

1. Compute all sxi using Equation (3) and search for all
elementary cycles in the underlying dependence graph
[16].

2. If the underlying dependence graph is acyclic, the so-
lution that produces the minimum integral MaxLive is
obtained by setting the values of all pxi to zero.

3. Otherwise, build an underlying-cycle constraint for
each elementary cycle of the underlying dependence
graph using Equations (6) and (7). Derive the integral
MaxLive objective function by summing Function (9)
over i.

4. Solve the system of constraints to minimize the inte-
gral MaxLive by using an LP-solver. The solution de-
�nes the pxi values that result in the minimum integral
MaxLive.

3We have not yet dealt with loop-carried dependencies. At the end
of this section however, we will show that loop-carried dependencies
can be handled in a similar fashion.

We will prove the correctness of this algorithm with two
theorems. The �rst theorem validates the correctness of
the solution for general dependence graphs, and the second
theorem validates the solution and the linear solution time
for the case of an acyclic underlying dependence graph.

Theorem 1 The solution of the minimum integral MaxLive
LP-problem as de�ned in Algorithm 1 results in the mini-
mum integral MaxLive for a kernel with a general depen-
dence graph, MRT, and set of latencies. This solution is
guaranteed to be integer valued.

Proof: We have already shown that valid iteration-
schedules must satisfy the sxi and the underlying-cycle con-
straints. Therefore, this set of equations de�nes the space
of feasible schedules. Since the underlying-cycle constraints
and the objective function (integral MaxLive) are linear, we
can use an LP-solver to �nd a schedule that minimizes in-
tegral MaxLive. Since the solution, namely the set of pxi
values, must be integer valued, we must show that the solu-
tion of the LP-solver is guaranteed to be integer valued for
any dependence graph and MRT-schedule.

Fortunately, the minimum integral MaxLive problem is
analogous to the minimum cost 
ow problem, a class of prob-
lems that satis�es the integer property [15]. This property
holds when two conditions are ful�lled. The �rst condi-
tion speci�es that the variables (pxi and mi) can only be
multiplied by the coe�cients +1, -1, or 0. This condition
holds since each edge occurs at most once on the path of
an underlying-cycle. This property holds since we need only
consider the elementary cycles. The second condition spec-
i�es that all constant terms must be integer valued, which
is the case since the sxi and � values are guaranteed to be
integer valued. 2

Theorem 2 For a dependence graph with an acyclic under-
lying dependence graph, the minimum integral MaxLive for
a given kernel, MRT, and set of latencies is found in a time
that is linear in the number of edges in the dependence graph.
The minimum integral MaxLive is found by simply setting
all pxi values to zero.
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Figure 5: MRT and iteration-scheduling for the kernel y[i] = x[i]*y[i-3]+a (Example 4).

Proof: Consider applying the general form of Algo-
rithm 1 (Steps 1, 3, and 4) to an acyclic underlying de-
pendence graph. There are no underlying cycles and hence
no underlying-cycle constraints in the linear program prob-
lem formulation (see (11)). The max constraints all have
the form pxi � mi+cxi where mi and pxi are to be found and
cxi is a constant. The objective is to minimize a linear com-
bination of the mi and pxi , all of which have non-negative
coe�cients. Consequently the solution cost is monotonically
non-decreasing in the mi and pxi . Setting all pxi = 0, their
minimum possible value, also allows the mi to have their
minimum feasible value and minimizes the objective func-
tion. Therefore, Steps 3 and 4 take no time and Step 2 of
Algorithm 1 can be used instead.

The solution time for Algorithm 1 is thus reduced to the
time for Step 1. The sxi are each computed in constant time
using Equation (3). Since there is one sxi parameter per edge
in the dependence graph, the solution time is linear in the
number of edges. 2

We conclude this section by presenting how this method
is extended for dependence graphs with loop-carried depen-
dences. In the case of a loop-carried dependence, we must
enforce a precise ordering between operation pairs that may
span several iterations. For example in the kernel x[i] =
x[i]+ x[i-2], we must guarantee that the latency of the
add operation of iteration i completes before the add oper-
ation of iteration i+2 is issued.

Example 4. Our fourth kernel is: y[i] = x[i]*
y[i-3]+ a, where the value of x[i] is read from memory,
multiplied by y[i-3], incremented by a, and stored in y[i],
as shown in the dependence graph of Figure 5a. The back-
ward edge labeled w=3 from the add operation to the mult
operation represents a loop-carried dependence, where the
result of the add is reused by the mult three iterations later.

The iteration-schedule for four consecutive iterations is
shown in Figure 5c. The loop-carried dependence is sat-
is�ed because the result of the add operation (iteration 0,
cycle 6) is available to the mult operation three iterations
later (iteration 3, cycle 8). For vr2, let the store be use 0
and the mult be use 1. We can then de�ne s12 for the back-
ward edge normally using Equation (3); Equation (4) then
indicates the d2/u

1
2 distance. The loop-carried dependence

of Example 4 is satis�ed if the cumulative distance from the
mult operation to the add operation and back to the mult
operation along the backward edge is equal to the depen-
dence distance, !, multiplied by II. The value of p12 must
be chosen to satisfy this constraint. A formal description
follows.

Consider a pair of operations, N/M , connected by a
loop-carried dependence from operation M to N spanning !
iterations. De�ne cycle to be a directed closed path in the
dependence graph that traverses an underlying-cycle con-
taining the operation pair N/M and the loop-carried de-
pendence edge with iteration-dependence distance !. This
loop-carried dependence is satis�ed if the cumulative dis-
tance of the underlying-cycle cycle is equal to ! � II. The
loop-carried dependence constraint is thus the same as Equa-
tion (5), but is set equal to ! �II, rather than to 0. Namely,

X
(i;x)2cycle

sign
x
i (cycle) fdist(di; u

x
i ) + (sxi + p

x
i ) � IIg

= ! � II (12)

We can rewrite this equation as:

X
(i;x)2cycle

sign
x
i (cycle)p

x
i = !� �cycle �

X
(i;x)2cycle

sign
x
i (cycle)s

x
i (13)

where �cycle is:

�cycle =
1

II

X
(i;x)2cycle

sign
x
i (cycle)dist(di; u

x
i ) (14)

and is guaranteed to be integer valued. Moreover, we see
that loop-carried dependence constraints also satisfy the in-
teger solution property for the LP-solver. Therefore, Theo-
rem 1 can be directly extended for loop-carried dependences.
Theorem 2 cannot be extended for loop-carried dependences
since they introduce cycles in the underlying dependence
graph.
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4 Iteration-Scheduling for Minimum Total
MaxLive

In this section, we extend the previous iteration-schedule al-
gorithm to consider both the fractional and the integral reg-
ister requirements. We �rst quantify the fractional MaxLive
associated with a kernel, an MRT, and an iteration-schedule.
We investigate the interaction between the fractional MaxLive
and the search for an optimal iteration schedule, and then
present an algorithm that takes the total MaxLive into ac-
count when searching for an optimal iteration schedule.

In machine model of this paper, we assume that a virtual
register is reserved when its def operation is scheduled and
freed one cycle after the last use operation is scheduled. As
shown in Section 2, the fractional lifetime is highly depen-
dent on the rows in which a virtual register is reserved and
freed. We therefore introduce two new variables:

ri row number of the MRT in which vri is reserved
fi row of the MRT in which vri is freed

The last-use operation is:

u
last
i �II di + max

x=0;:::;ni�1
fdist(di; u

x
i ) + (sxi + p

x
i ) � IIg (15)

In our machine model, we have:

ri = di (16)

fi �II u
last
i + 1 (17)

A virtual register, vri, is live at row z if row z is en-
countered in the MRT by going forward (with wraparound)
from row ri to row fi. Using Equations (16) and (17), we
know that vri is live at row z if row z is closer to fi than to
ri in modulo space. Since the fractional MaxLive is deter-
mined from the maximum number of live virtual registers in
any single row, we can write the total MaxLive for a given
kernel, MRT and iteration schedule as:

RtotalMaxLive =
X
i2I

(slasti + p
last
i )+

max
z=1;:::;II

X
i2I

�
1 if dist(z;fi) � dist(z; ri)
0 otherwise

�
(18)

where the �rst and second term correspond, respectively, to
the integral and the fractional MaxLive.

We can now formalize the interaction between the frac-
tional and the integral part of the register requirements.
Note that when we are minimizing the integral MaxLive, we
may a�ect which use operation is last, since there are pxi
terms inside the max function of Equation (15). Deciding
which use operation is last may in turn a�ect the fractional
MaxLive, but only if we increase the number of live virtual
registers in a critical row, as expressed by the max function
in the second term of Equation (18).

Let us assume that we have found an iteration schedule
that results in the minimum integral MaxLive but not in
the minimum fractional MaxLive; namely that the fractional
register requirements can be reduced by choosing other last-
use operations. For example, suppose that the fractional

MaxLive would decrease by one if the yth use operation
of vri were made the last-use operation. Since we are in-
terested in �nding an iteration schedule that results in the
minimum achievable register requirements, we must check

if there is a solution that schedules the yth use operation
last without increasing integral MaxLive. We can search
for this new iteration schedule, as presented in Algorithm 1,

with an additional set of constraints that forces the yth use

operation to be scheduled laster than some other (xth) use
operations. This new set of constraints is:

s
x
i + p

x
i < s

y
i + p

y
i

for all x 2 0 : : : ni � 1

such that dist(di; u
x
i ) > dist(di; u

y
i ) (19)

In particular, Equation (19) forces each use operation (xth)

to be scheduled after the yth operation if the fractional life-

time of vri from di to the xth use operation exceeds the

fractional lifetime of the yth use operation. An uxi use op-
eration that does not satisfy the condition of Equation (19)

would do no worse a last-use than the yth.

Algorithm 2 The minimum total MaxLive for a kernel
with a general dependence graph, MRT, and set of functional
unit latencies is:

1. Use Algorithm 1 to compute the minimum integral
MaxLive. We refer to this resulting iteration sched-
ule as the base solution.

2. If the underlying dependence graph is acyclic, the base
solution results in the minimum MaxLive.

3. Otherwise, compute the total MaxLive associated with
the base solution using Equation (18) and determine
the set of additional constraints that may improve the
fractional MaxLive.

4. Use Algorithm 1 repeatedly to compute the minimum
integral register requirements for the base system aug-
mented by various subsets of the additional constraints
as de�ned in Equation (19). Interesting subsets to be
evaluated consist of all possible forcing combinations of
an attractive last-use for some or all virtual registers
whose fractional lifetime can be improved. The sched-
ule among these that achieves the best total MaxLive
is optimum.

We prove the correctness of this algorithm with two the-
orems. The �rst theorem validates the correctness of the
solution for general dependence graphs, and the second the-
orem for acyclic underlying graphs.

Theorem 3 The Algorithm 2 produces the minimum
MaxLive for a kernel with a general dependence graph, MRT,
and set of latencies. This solution is guaranteed to be integer
valued.

Proof: Since we test all the combinations that poten-
tially reduce the fractional MaxLive, and since Algorithm 1
produces the minimal integral MaxLive, the solutions of
Algorithm 2 correspond to the minimum achievable total
MaxLive for this MRT. It is easy to see that the additional
set of constraints as de�ned in Equation (19) also satis�es
the guaranteed integer solution property for the LP prob-
lems. Therefore, the solution produced by an LP-solver for
each use of Algorithm 1 is guaranteed to be integer valued. 2
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While there is potentially an exponential number of ad-
ditional constraints to test, this number is in practice rela-
tively small for several reasons. First, the number of tests
is directly dependent on the number of cycles in the under-
lying dependence graph, which is usually a small number.
Second, we have to consider only the cases that e�ectively
reduce the fractional MaxLive. We do not need to consider
use operations unless they may impact the MRT row that
could govern the second term of Equation (18). Finally, we
can use inclusion properties to reduce the total number of
tests.

Theorem 4 For dependence graphs with acyclic underlying
graphs, the solution that minimizes the integral MaxLive also
minimizes the total MaxLive for a given kernel, MRT, and
set of latencies.

Proof: The solution that minimizes the integral register re-
quirements may not be the solution with the minimal frac-
tional register requirements. Recall, however that the Al-
gorithm 1 solutions for acyclic underlying graphs has all
pxi = 0. Therefore, reducing a fractional lifetime for some
vrj requires setting some pxj to 1, increasing the integer life-
time for vrj by 1. Therefore, reducing the fractional reg-
ister requirements for vrj cannot decrease the MaxLive of
this virtual register. Thus, we cannot reduce the register
requirements of the base solution. 2

5 Conclusion

Modulo scheduling is an e�cient technique for exploiting in-
struction level parallelism in a variety of loops. It results in
high performance code, but increases the register require-
ments. As the trend toward higher concurrency continues,
whether due to using and exploiting machines with faster
clocks and deeper pipelines, wider issue, or a combination
of both, the register requirements will increase even more.
As a result, scheduling algorithms that reduce register pres-
sure while scheduling for high throughput are increasingly
important.

This paper presents an approach that schedules the loop
operations to achieve the minimum register requirements for
a given a modulo reservation table. This method �nds an
iteration-schedule with the minimum register for general de-
pendence graphs on machines with �nite resources. When
known to be optimal, a linear-time algorithm is used; oth-
erwise, a linear programming approach is used. We can also
quickly determine when the faster algorithm is applicable.

This paper demonstrates by example that selecting a
good iteration schedule among all schedules that share the
same MRT can result in lower register requirements. Though
the general algorithm may be too expensive for general use
in a compiler it may be extremely useful in special situations.
This algorithm is also useful in evaluating the performance
of lifetime-sensitive modulo scheduling heuristics.
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