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Abstract. We study the relationship between the approximation factor
for the Set-Cover problem and the parameters ∆ : the maximum cardinality of any subset, and k : the maximum number of subsets containing
any element of the ground set. We show an LP rounding based approxiln ∆
mation of (k − 1)(1 − e− k−1 ) + 1, which is substantially better than the
classical algorithms in the range k ≈ ln ∆, and also improves on related
previous works [19, 22]. For the interesting case when k = θ(log ∆) we
also exhibit an integrality gap which essentially matches our approximation
algorithm.
We also prove a hardness of approximation factor of
(
)
∆
Ω (loglog
when
k = θ(log ∆). This is the ﬁrst study of the hardness
2
log ∆)
factor speciﬁcally for this range of k and ∆, and improves on the only
other such result implicitly proved in [18].

1

Introduction

We consider the classical minimum set cover problem. We are given the ground
set {1, . . . , n} = [n] and m subsets Sj ⊆ [n] for j = 1, . . . , m. Each set Sj has
an associated non-negative weight wj . The goal is to choose a collection
∑ of sets
indexed by C ⊆ {1, . . . , m} = [m] such that [n] = ∪j∈C Sj and minimize j∈C wj .
There are two additional parameters associated with the problem. Let ∆ =
maxj∈[m] |Sj | be the maximal cardinality of a set in the instance. For each element i ∈ [n], let ki = |{Sj : i ∈ Sj , j ∈ [m]}| be the number of sets in the
instance containing the element i ∈ [n] and let k = maxi∈[n] ki .
There are two types of classical approximation algorithms for the minimum
set cover problem. The natural greedy algorithm has performance guarantee
ln ∆+1 [20, 12, 5]. Another well-known type of algorithms has performance guarantee k [4, 10]. Both performance guarantees are asymptotically the best possible
under natural complexity assumptions [7, 6, 17] speciﬁcally for the regime where
∆ is not bounded by a constant, although for constant ∆ a performance guarantee strictly better than k can be obtained [9]. Nevertheless, assuming that ∆ is
not bounded, if one deﬁnes the performance ratio ρ(k) as a function of parameter
k the classical approximation algorithms provide us with performance guarantee ρ(k) = min{k, ln ∆ + 1} (see Figure 1). The function ρ(k) is not smooth at
the point k = ln ∆ + 1, which indicates that performance guarantee of classical
algorithms is not best possible, at least in regime when k ≈ ln ∆ + 1.

Our Results. In this paper we study the relationship between the approximation factor for Set-Cover in terms of k and ∆. We prove the following results.
Approximation Algorithm. In this paper we design a simple LP rounding
ln ∆
based approximation algorithm with performance guarantee (k−1)(1−e− k−1 )+1
which asymptotically matches the performance guarantee of known (and best
possible) approximation algorithms when k ≪ ln ∆ or k ≫ ln ∆ in the regime
where ∆ is unbounded. In particular, when k = ln ∆ + 1, our algorithm has
performance guarantee (1 − e−1 ) ln ∆ + 1. For a comparison of the performance
of our algorithm with ρ(k), refer to Figure 2. Our approximation algorithm and
its analysis are presented in Section 2.
Previous results in this direction are due to Krivelevich [19] and Okun [22].
Using our notations Krivelevich [19] designed an approximation algorithm with
ln ∆
performance guarantee max{k − 1, (k − 1)(1 − e− k−1 ) + 1} for the case when all
subsets have cardinality ∆ and all elements of the ground set belong to exactly
k sets. Okun [22] designed an approximation algorithm that works in the regime
when (1 − e−1 )k ≤ ln ∆ with performance guarantee smaller than k but strictly
worse than ours.
Integrality Gap. For the interesting regime where k = θ(log ∆) we show an LP
ln ∆
integrality gap of k(1 − e− k − δ) for any constant δ > 0, essentially matching
our LP rounding upper bound. Our construction is probabilistic and is given in
Section 3.
Hardness
of)Approximation. In this work we obtain a lower bound of
(
log ∆
Ω (log log ∆)2 when k = θ(log ∆), where ∆ is a polynomial in n. In previous
work, Feige [7] had shown that in the regime where k = Ω(∆γ ) for some constant
γ > 0, it is hard to approximate Set-Cover to within a factor of (1 − ε) ln ∆.
As mentioned before, this essentially matches the ln ∆ + 1 greedy algorithm. A
slightly weaker lower bound of Ω(log ∆) was obtained by Lund and Yannakakis
1−ε
[21] for k = Ω((log ∆)c ), where c > 1 is a large constant, and for k = 2log ∆ by
Raz and Safra [23] and by Alon, Moshkovitz and Safra [1]. On the other hand,
for small values of k the known hardness factors are linear in k. For constant
k, assuming the Unique Games Conjecture [14] it is NP-hard to approximate
within a factor of k − ε [17, 3]. In [6] it was shown that for superconstant k =
O((log log ∆)1/c ) the hardness factor is k − 1 − ε, and for k = O((log ∆)1/c )
it is k/2 − ε. In all these hardness reductions (except for that of [17, 3]) ∆ is a
polynomial in the size of the ground set n. It should be noted that these hardness
results did not explicitly state the dependence between k, ∆ and n, and these
relations can be inferred from the respective hardness reductions.
However, the interesting case when k = θ(log ∆) remained unexplored till
the work of Khot and Saket [18] who studied the problem of minimizing the size
of DNF expression of a boolean function given its truth table. In their work [18],
they implicitly obtain a hardness factor (for k = θ(log ∆), ∆ polynomial in n)
of Ω(log1−ε ∆) although [18] do not explicitly mention this in their work.

(
Our stronger lower bound of Ω

log ∆
(log log ∆)2

)
is obtained by revisiting the

Probabilistically Checkable Proof (PCP) construction of [18] using diﬀerent parameters while avoiding some of the complications of their reduction, and is presented in Section 4. This still leaves open the possibility that when k = ln ∆ + 1,
our approximation of (1 − e−1 ) ln ∆ + 1 may not be optimal. Conversely, it may
be possible to improve the hardness factor to match the algorithmic bound. We
include, in Section 4.4, a brief discussion on some of the limitations of current
PCP techniques to improving the hardness factor. The hardness result of this
paper along with previous ones for various regimes of k are summarized in Figure
3.
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Fig. 1. Approximation Factor by Classical Algorithms.
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Fig. 2. Comparison of ρ(k) with the LP Rounding Approximation for growing parameter ∆.
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This work.
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NP̸⊆ DTIME(nO(log log n) )

[21, 15]
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Fig. 3. Summary of known NP-hardness factors for Set-Cover with diﬀerent ranges of
k.
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Approximation Algorithm

Consider the following linear programming relaxation of the minimum set cover
problem:
∑
min
wj xj ,
(1)
j∈[m]

∑

xj ≥ 1, ∀i ∈ [n],

(2)

xj ≥ 0, ∀j ∈ [m].

(3)

j:i∈Sj

Our approximation algorithm solves linear programming relaxation on the
ﬁrst step. Let LP ∗ be the optimal value of the linear programming relaxation
and x∗j , j ∈ [m] be the optimal fractional solution found by the LP solver. We
deﬁne pj = min{1, αk · x∗j } where α = 1 − e− k−1 . Our approximation algorithm
deﬁnes a partial cover by choosing to add the set Sj to the cover with probability
pj and not choosing it with probability 1 − pj independently at random. Let R1
be the indices of sets chosen by our random procedure. Let I r be the set of the
elements of the ground set that do not belong to any of the sets chosen by the
random procedure, i.e. the set of uncovered elements. Each element in I r chooses
the cheapest set in our instance that covers it. Let R2 be the set of indices of
such sets covering I r . Our algorithm outputs R1 ∪ R2 as the ﬁnal solution.
ln ∆

Theorem 1. The expected value of the approximate solution output by our alln ∆
gorithm is at most ((k − 1)(1 − e− k−1 ) + 1)LP ∗ .
Proof. By linearity of expectation, the expected value of the sets indexed by R1
∑
ln ∆
is j∈[m] wj pj ≤ k(1 − e− k−1 )LP ∗ .
Assume that each element i ∈ [n] of the ground set chooses the∑
cheapest set
that covers that element. Let ji be the index of such a set and W = i∈[n] wji be

the upper bound on the weight of chosen sets. Then by utilizing the constraints
(2) we obtain
∑
∑
∑
∑ ∑
x∗j ≤
wj x∗j ≤ ∆ · LP ∗ .
W =
wji ≤
wji
i∈[n]

j:i∈Sj

i∈[n]

i∈[n] j:i∈Sj

Now, we estimate P r[i ∈ I r ] above. If pj = 1 for at least one set such that
i ∈ Sj then P r[i ∈ I r ] = 0. Otherwise, pj = αk · x∗j for all sets Sj such that
i ∈ Sj and
P r[i ∈ I ] =
r

∏
j|i∈Sj

(

=

1−

(
(1 − pj ) ≤
∑
j|i∈Sj

k

∑

1−

αk · x∗j

j|i∈Sj

pj

)k i

(
≤

ki

)k
k

≤ (1 − α) =

∑
1−
1

∆k/(k−1)

j|i∈Sj

pj

)k

k
.

Therefore, by linearity of expectation, the expected weight of the sets in R2
can be estimated above by W/∆k/(k−1) ≤ LP ∗ /∆1/(k−1) . Overall, the expected
cost of the approximate solution is upper bounded above by
)
(
(
)
ln ∆
ln ∆
1
k(1 − e− k−1 ) + 1/(k−1) LP ∗ = (k − 1)(1 − e− k−1 ) + 1 LP ∗
∆

3

Integrality Gap

The integrality gap of a linear programming relaxation for the speciﬁc instance of
a minimization problem is the ratio between the minimum value integral solution
of the relaxation (in the numerator) and the minimum value of the fractional
solution (in the denominator).
Consider the following instance of the minimum set cover problem. We are
given a ground set of n elements and m = nε sets. We ﬁx an arbitrary constant
c > 0 and consider the regime when k = c · ln n. Each element i ∈ [n] independently at random chooses k sets out of possible
m sets, i.e. this element chooses
( )
one combination of k sets out of possible m
variants
uniformly at random. Each
k
set Sj for j ∈ [m] consists of elements that chose that set. Let Iε be the resulting
random instance of the minimum set cover problem. Note that the parameter
∆ ≤ n. We prove the following theorem showing that for all values of c > 0 the
instance Iε is, with high probability, the desired integrality gap example.
Theorem 2. For any constants c > 0 and δ > 0, there exists a constant ε > 0
such that the integrality gap of the linear programming relaxation (1)-(3) for the
instance Iε is at least k(1 − e−1/c − δ) with high probability for large enough n.
Proof. First, we note the fractional solution x′j = 1/k for all j ∈ [m] is feasible.
Indeed,
each element is covered by exactly k sets in the instance Iε . Therefore,
∑
′
∗
j:i∈Sj xj = 1 for each element i ∈ [n]. We obtain LP ≤ m/k.

We will assume that the constants c, δ > 0 and m are such that the number
(e−1/c + δ)m is an integer. We now ﬁx an arbitrary collection of sets indexed by
C ⊆ [m] such that |C| = (1 − e−1/c − δ)m. We will estimate the probability that
this integral solution is infeasible, i.e. there exist an element i ∈ [n] which is left
uncovered by the sets in this collection in the instance Iε .
The probability that a ﬁxed element i ∈ [n] is not covered by the sets indexed
by C is exactly
((e−1/c +δ)m) k−1
∏ (e−1/c + δ)m − i
(1 + e1/c δ/2)c ln n
k)
(m
=
≥ (e−1/c + δ/2)k =
m−i
n
k
i=0
= n−(1−Fc,δ ) ,
where the inequality holds for large enough m since k << m and Fc,δ = c ln(1 +
δe1/c /2) is a constant depending on c and δ. We assume that δ is small enough
that Fc,δ ∈ (0, 1).
Since each element chooses its sets independently, the probability that all n
elements are covered by the sets indexed by C is at most
(
)n
Fc,δ
1 − n−(1−Fc,δ ) ≤ e−n .
ε

The total number of choices for the index set C is at most 2m = 2n . Therefore, by the union bound, the probability that there exists a feasible index set C
is at most
Fc,δ
Fc,δ
ε
ε
e−n 2n ≤ en −n .
If we choose ε = Fc,δ /2 then probability that there exists a feasible solution
becomes negligibly small for large values of n. Therefore, with probability at
Fc,δ
ε
least 1 − en −n
one needs to choose at least (1 − e−1/c − δ)m sets into any
feasible integral solution. This implies the claimed bound on the integrality gap.

4

Hardness of Approximation

In this section we shall derive an inapproximability result for the minimum set
cover problem when k = θ(log ∆). Our reduction utilizes a PCP veriﬁer constructed by Khot and Saket [18] who used it to prove a nearly optimal hardness
result for minimizing the size of DNF expressions for a boolean function given
its truth table, which is itself a special case of minimum set cover. We slightly
modify the parameters of the veriﬁer constructed in [18] to construct an instance
of maximum constraint satisfaction problem (CSP) with some speciﬁc properties. This is then combined with a reduction – similar to that of Holmerin [11]
for vertex cover – to obtain an instance of Set-Cover. In Section 4.1 we deﬁne
the constraint satisfaction problem and state a hardness result for it, a proof of
which is given in Section 4.3. The hardness reduction to Set-Cover is given in
Section 4.2.
In the rest of this section, for convenience, we shall use notations (such as k,
n) in contexts diﬀerent to the previous sections.

4.1

A Hardness Result for Constraint Satisfaction

In this section we shall describe a result on the hardness of a variant of maximum
constraints satisfaction problem (as deﬁned below), which shall be useful in our
reduction for the Set-Cover problem.
Definition 1. An instance of Max-CSP-Reg(t, k) with N constraints, with parameters t, k as functions of N consists of a set of variables V , a label set [k] and
a set of t-variable constraints E, with |E| = N . The constraints are non-trivial,
i.e. there is at least one satisfying labeling for every constraint. Additionally,
each variable occurs in the same number of constraints. The goal is to assign
labels to each variable in V to satisfy as many constraints in E as possible.
The following hardness result for Max-CSP-Reg follows from the results in [16]
and [18], and a formal proof is presented in Section 4.3.
Theorem 3. Given an instance A of Max-CSP-Reg(t, k) with variable set V
and set of constraints E, where |E| = N , tk = ω(log N ) and t = θ((log k)2 ),
there is no polynomial time algorithm to distinguish between the following two
cases:
YES CASE: There is a set V ′ ⊂ V of variables of size at most |V |/(k 3 ) and a
labeling σ ∗ : V \ V ′ 7→ [k] such that,
1. (Strong Completeness) σ ∗ satisfies all constraints in E induced by V \ V ′ .
2. (Extendability) For any constraint e ∈ E (possibly containing variables from
V ′ ), there is a labeling σe′ to variables in e ∩ V ′ such that σ ∗ extended by σe′
satisfies constraint e.
NO CASE: Any labeling σ to the variables of V satisfies at most k −t+O(
(soundness) fraction of the constraints,
unless NP ⊆ DTIME(npoly(log n) ).

√
t)

In the next subsection we shall give a reduction from Max-CSP-Reg to an
instance of Set Cover to prove our hardness result.
4.2

Reduction to Set-Cover

Now we give a reduction from the instance A of Max-CSP-Reg(t, k) given in
Theorem 3 to an instance I of Set-Cover. As before we have V as the variable
set of A and E as the set of t-variable constraints, where E = |N |, kt = ω(log N )
and t = θ((log k)2 ). Before describing the instance I of Set-Cover, we need to
construct the following objects.
For every variable v, deﬁne a set L(v) := {(v, i) | i ∈ [k]}, which is just the
set of all labels for that variable. Let e ∈ E be any constraint over variables
v1 , . . . , vt . Deﬁne L̃(e) := ∪ti=1 L(vi ). Clearly, |L̃(e)| = tk for all e ∈ E.
Let T (e) be set of all labelings τ to v1 , . . . , vt that satisfy e. Since the constraints are non-trivial, T (e) ̸= ∅ for all e ∈ E. We say that a subset S ⊆ L̃(e)
is “good” if for all τ ∈ T (e), there is an i ∈ {1, . . . , t} such that (vi , τ (vi )) ∈ S.

In other words, every assignment to the variables v1 , . . . , vt , that satisﬁes e, has
a variable-label pair from S. As an illustration, suppose e is a constraint over
vertices v1 , . . . , vt such that assigning the label 1 ∈ [k] to each of v1 , . . . vt satisﬁes e. Then any good subset S ⊆ L̃(e) must contain at least one pair (vi , 1) for
some i ∈ {1, . . . , t}, and this should similarly hold for any satisfying assignment
to v1 , . . . , vt which satisﬁes e.Let G(e) to be the set of all such “good” subsets
S for the constraint e ∈ E. With these deﬁnitions we now describe the ground
set G and the set of subsets C for our instance I of Set-Cover.
Ground set G. The ground set is deﬁned as G := ∪e G(e), where the union is
over all constraints e ∈ E.
Set of subsets C. Every possible variable-label pair (v, i), there is a subset
C(v, i) which contains all elements from G (i.e. “good” subsets of L̃(e) for all
constraints e) that contain (v, i). This ﬁnishes the construction of our Set-Cover
instance.
Note that every element of the ground set G can be covered by at most
tk subsets from C and that for every constraint e, |G(e)| ≤ 2tk and therefore
|G| ≤ 2kt N . Also, since kt = ω(log N ), we obtain that log |G| = O(kt). We now
analyze the YES and NO cases of A.
YES Case. In the YES case there is a subset V ′ of the variables V and a
labeling τ ∗ to V \ V ′ as given in Theorem 3. We construct a cover H∗ for
the instance I as follows. For all variables v in V \ V ′ we choose the subset
C(v, τ ∗ (v)). Additionally, for all variables v ′ in V ′ we choose all subsets C(v ′ , i)
for all i ∈ [k].
Let us ﬁrst conﬁrm that H∗ indeed covers all elements of the ground set G.
Consider a constraint e over variables v1 , . . . , vt . Let us ﬁrst consider the case
when e does not contain any variable from V ′ . By construction of G(e), we have
that for every S ∈ G(e), there is an i ∈ {1, . . . , t} such that (vi , τ ∗ (vi )) ∈ S. Thus
G(e) is covered by H∗ . Now consider the case that e contains some variables from
V ′ . In this case, by the Extendability property of Theorem 3, τ ∗ can be extended
by choosing labels to variables in e∩ V ′ so that the constraint e is satisﬁed. Since
H∗ contains all subsets C(v ′ , i), i ∈ [k], for all v ′ ∈ e ∩ V ′ , this implies that it
covers all elements in G(e). Thus, H∗ is a valid set cover.
Now, H∗ chooses one subset for each variable in V \ V ′ , and k subsets for all
variables in V ′ . Therefore we have, |H∗ | = |V \ V ′ | + k|V ′ | ≤ |V |(1 + k −2 ), using
the bound in Theorem 3 that |V ′ |/|V | = O(k −3 ).
NO Case. In the NO case let H ⊆ C be any cover. We shall prove that it cannot
be small. For any variable v, let H(v) be the set of variable-label pairs (v, i) where
i ∈ [k] such that C(v, i) is in H. Consider a constraint e over variables v1 , . . . , vt .
Let H̃(e) := ∪ti=1 H(vi ). It can be seen that there must be a choice of variablelabel pairs (vi , ji ) ∈ H(vi ) for each 1 ≤ i ≤ t which constitutes a satisfying
assignment to e. In other words H̃(e) must contain a satisfying assignment to e.
If not, then L̃(e) \ H̃(e) ∈ G(e) is “good”, and is not covered by H. Note that
this also implies that H(v) is non-empty for every variable v.
The above analysis suggests a randomized way to assign labels to each
variable based on the cover H. For every variable choose a label uniformly

at random from the labels corresponding to the set H(v). For any constraint
e over variables v1 , . . . , vt , let pe be the probability that it is satisﬁed.
∑ Then,
1
pe ≥ ∏t |H(v
.
In
expectation,
the
number
of
constraints
satisﬁed
is
e∈E pe .
i )|
i=1
This quantity
has
to
be
at
most
the
soundness
of
the
instance
A
in
the
NO
√
∑
case, i.e. e∈E pe ≤ |E|k −t+O( t) . This implies by Markov’s Inequality, that
for at least half of the constraints
e ∈ E over variables v1 , . . . , vt , we have
√
1
−t+O( t)
∏t
≤
p
≤
2k
,
and
thus,
e
|H(vi )|
i=1

∑t
i=1

|H(vi )|
≥
t

(

t
∏

i=1

) 1t
|H(vi )|

≥

1

√

(2k −t+O(

t) ) 1t

.

(4)

Since each variable in V occurs in the same number of [constraints,
]we have
∑t
∑
i=1 |H(vi )|
the following, (|H|/|V |) = (1/|V |) v∈V |H(v)| = Ee∈E
, where
t
the inner summation in the ﬁnal expression is over the variables v1 , . . . vt of the
constraint e in the outer expectation. Combining the above with the fact that
Equation (4) is satisﬁed for at least half of the coonstraints we obtain,
( )(
)
(
(
))
1
1
1−O √1t
√
≥ |V |Ω k
.
|H| ≥ |V |
1
2
(2k −t+O( t) ) t
(
(
))
1−O √1t
Therefore we obtain a hardness factor of Ω k
. Since t = θ((log k)2 ),
the hardness factor is Ω(k). Let d be the upper bound on the number of subsets
that can cover any element in G. From our construction and previous calculations we have that d = O(kt), and log |G| = O(kt), where( t = θ((log)k)2 ).

|G|
Therefore, we obtain a hardness of approximation factor of Ω (loglog
log |G|)2 . By
adding a dummy subset of |G| new dummy elements to the ground set we can
ensure that ∆ = Ω(|G|), and by adding another dummy element and log |G|
additional dummy singleton sets containing that element,
we can
(
) ensure that
∆
d = θ(log |G|). This implies a hardness factor of Ω (loglog
log ∆)2 , which holds

under the assumption that NP̸⊆ DTIME(npoly(log n) ).
4.3

Proof of Theorem 3

We begin by stating the following theorem proved by Khot and Ponnuswami
[16] on the hardness of approximating Max-3LIN : the problem of satisfying as
many of a system of three variable linear equations over F2 .
Theorem 4. [16] Given a 7-regular instance A of Max-3LIN over F2 on n vari2
ables, unless NP ⊆ DTIME(2O(log N ) ), there is no polynomial time algorithm to
distinguish between the following two cases,
YES √CASE. There is an assignment to the variables of A that satisfies 1 −
2−Ω( log n) fraction of the equations (completeness).
NO CASE. No assignment to the variables of A satisfies more than 1−Ω(log−3 n)
fraction of the equations (soundness).

We shall combine the above result of [16] with the following “inner veriﬁer”
constructed by Khot and Saket [18]. A similar combination was done in [16] itself,
however our construction is more optimized and we also use slightly diﬀerent
parameters.
Theorem 5. Given an instance A of Max-3LIN over n variables with completeness 1 − c(n) and soundness 1 − s(n), for parameters m, r, k, ℓ and t there is a
verifier Vlin which expects a proof Π where each position in the proof is expected
to be labeled from [k] = [2r ] such that,
1. Vlin uses m log n + O(ℓmr) random bits.
2. Vlin queries t := ℓ2 + 2ℓ positions from the proof.
3. If the instance A is a YES instance then there is a set Γ consisting of at
most mc(n) fraction (by the probability that Vlin queries any of them) of the
positions in the proof, and an assignment τ ∗ to all the positions of the proof
except those in Γ such that,
a. (Strong Completeness) The verifier accepts on τ ∗ whenever none of the
positions in Γ are queried.
b. (Extendability) For any constraint q of the verifier which (possibly) queries
positions from Γ , there is an assignment τq to the positions in Γ queried
in q, such that τ ∗ extended by τq satisfies the constraint q.
4. If the instance A is a NO instance then the probability that the verifier accepts
2
2
is at most k −ℓ + δ, for δ 2 = (1 − s(n)κ )(m/(κr)) (k − 1)ℓ , for some universal
constant κ.
We ﬁrst regularize the above inner veriﬁer as follows. Let p be any position in
the proof Π, and let Rp be the set of all random strings on which the veriﬁer Vlin
queries p. Replicate p with |Rp | copies one for each string in Rp , for each position
p. The new veriﬁer simply chooses an element in Rp at random for each position
p in the original query. Clearly, the new veriﬁer queries each position with equal
probability. It can also be seen that this does not change the completeness or the
soundness of the veriﬁer, and the strong completeness and extendability properties hold as well. The following lemma formalizes the modiﬁcation to Theorem
5 that we can make.
Lemma 1. The properties of the verifier Vlin in Theorem 4 hold with the following modifications : (i) The verifier Vlin queries each position with equal probability, and (ii) The number of random bits used by the verifier is t(m log n +
O(ℓmr)).
In the combination of the above veriﬁer with the Max-3Lin
instance of [16]
√
with n variables we have the completeness c(n) = 2−Ω( log n) , and soundness
s(n) = Ω(log3 n). We set the rest of the parameters as follows: take m =
θ(log3κ+3 n) and r = θ(log log n) such that k = θ(log6κ+10 n). Additionally,
we set ℓ = θ(log log n). Now let Q be the set of all queries that the veriﬁer
makes. Clearly log |Q| = t(m log n + O(ℓmr)) = O(log3κ+5 n) = o(k). Furthermore, the fraction of positions in the subset Γ (as deﬁned in Theorem 5) is

√

mc(n) ≤ θ(log3κ+3 n) · 2−Ω( log n) = o(k −3 ). Since s(n) = Ω(log−3 n), we have
2
2
2
δ 2 = (1 − s(n)κ )(m/(κr))
(k − 1)ℓ = 2−Ω(log n) (k − 1)ℓ . Therefore, the soundness
√
2
(k −ℓ + δ) = k −t+O( t) .
It is easy to see that with this setting of the parameters, the PCP veriﬁer
obtained in the above combination is an instance of Max-CSP-Reg(t, k) with
variable set V identical to the set of positions Π, the set of constraints E identical
to the set of queries Q, and the subset V ′ same as Γ such that the properties of
Theorem 3 hold. This completes the proof of Theorem 3.
4.4

Limitations to improving the hardness factor
(
)
∆
In Section 4 we have shown a hardness factor of Ω (loglog
for Set-Cover
log ∆)2
where every subset has at most ∆ elements, and each element of the ground set
is in at most θ(log ∆) subsets. The two parts of this result are : a reduction to
the Set-Cover problem from the Max-CSP problem; and the construction of a
hard instance of Max-CSP with appropriate alphabet size, arity and hardness
factor.
The second step is accomplished by running the t-query PCP test of Samorodnitsky and Trevisan [24] on a Hadamard Code based encoding of 3SAT introduced by Khot [13], which reduces the blowup of the PCP compared to the
alphabet size.
The t-query PCP test of [24] on an alphabet [q] has a soundness
√
of q −t+O( t) . Notably, a better soundness of q t /O(qt) is achieved by more efﬁcient PCP tests given in [8, 2]. However these tests do not combine with the
Hadamard Code encoding of [13] and instead are used along with the Long Code
encoding of Unique Games, which leads to a large blowup of the PCP compared
to the alphabet size. Another issue with the eﬃcient tests of [8, 2] is that t needs
to be at least q 2 , which will lead to weaker bounds for the canonical reduction
to Set-Cover.
Thus, improving the hardness factor proved in Section 4 is connected to the
question of designing eﬃcient PCPs for Max-CSP problems over large alphabet,
which in itself is a signiﬁcant line of research. The current PCP techniques seem
to fall short of yielding a tight bound for Set-Cover when k = θ(log ∆) and
resolving the gap between the hardness result and the algorithmic upper bound
remains an interesting open question.
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