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ABSTRACT
In this paper, we present a novel incremental and
decremental learning method for the least-squares support
vector machine (LS-SVM). The goal is to adapt a pre-trained
model to changes in the training dataset, without retraining
the model on all the data, where the changes can include
addition and deletion of data samples. We propose a
provably exact method where the updated model is exactly
the same as a model trained from scratch using the entire
(updated) training dataset. Our proposed method only
requires access to the updated data samples, the previous
model parameters, and a unique, fixed-size matrix that
quantifies the effect of the previous training dataset. Our
approach can significantly reduce the storage requirement of
model updating, preserve the privacy of unchanged training
samples without loss of model accuracy, and enhance the
computational efficiency. Experiments on real-world image
dataset validate the effectiveness of our proposed method.
Index Terms— Least-squares support vector machine
(LS-SVM), machine learning, model updating
1. INTRODUCTION
Machine learning models in image and vision applications
usually need to be trained with a large amount of data. In
many practical scenarios, the samples in the training dataset
can change over time, due to the addition of new data samples
(e.g., those that have been collected and labeled recently) and
removal of existing data samples (e.g., those that are too noisy
or incorrectly labeled). Retraining the model from scratch every time when there is a change in the training dataset is too
time-consuming. It is more efficient to update the model by
including or excluding the influence of specific data samples,
which is known as incremental and decremental learning.
Least-squares support vector machine (LS-SVM) has
been broadly applied in various machine learning tasks and
image/vision applications [1–3]. The benefit of LS-SVM is
that there exists an analytical solution to the optimal model
parameters for a given training dataset. However, it is still
computationally intensive to recompute the model
parameters on the entire dataset when only a few samples in
the dataset change.
In this paper, we propose a novel approach that uses
analytical expressions to exactly update the LS-SVM model

using the added and deleted data samples only. Our approach
utilizes an auxiliary matrix that is defined to capture some
essential information in the previous training dataset, which
has a much smaller size than the original dataset and does
not grow with the size of the dataset. The updated model is
provably the same as a model trained on the entire dataset.
Hence, the proposed model updating process is much faster
and requires less storage than retraining the model from
scratch while retaining the same model accuracy. In addition,
because our model updating algorithm does not require
knowledge of those raw data samples that remain unchanged
(i.e., not added or deleted), it preserves the privacy of
unchanged data samples in a distributed system setting.
1.1. Motivating Application Scenarios
We first outline some application scenarios of our work.
In a cloud computing system [4], an end user may need to
retrain his/her model (that is originally trained by the service
provider) frequently when dealing with concept drift (e.g., authentication system) or streaming data (e.g., autonomous driving). To reduce the communication cost between the service
provider and the end user, it is more efficient for the end user
to update his/her model on the local device, which also protects the privacy of the newly arrived data since they are no
longer required to be uploaded to the cloud.
In a distributed/federated learning system [5], one agent
computes its gradients based on its local data and then transmits the gradients to the next agent for model updating. However, this gradient updating process usually requires a number of rounds/iterations to converge to a global solution. By
leveraging our method, each agent can update the model directly based on his/her local data and then the updated model
(instead of the updated gradients) are transmitted to the next
agent for model updating, which only requires one round of
computation to obtain the final model.
In k-fold cross-validation [6], the original data is randomly partitioned into k folds, among which k − 1 folds
are used as training dataset and the remaining one fold as
test/validation set. This process is repeated for k times until
every fold has been used as a test set. Using our decremental
learning method, one can first train the model with the entire
dataset, and then can simply remove the influence of the ith fold to obtain the new model for i-th round of validation,
which is validated/tested with that i-th fold. This significantly

reduces the time needed for the cross-validation without any
loss of validation accuracy.
1.2. Related Work
Support vector machine (SVM) and LS-SVM have been
widely used in image and vision applications such as image
classification [2, 7, 8], object tracking [3], visual quality
prediction [9], and splicing detection [10].
For SVM, model updating methods have been proposed
in [11–14]. However, all of these methods are heuristic without any theoretical guarantees, and they do not provide decremental learning methods. Another type of incremental learning algorithm is based on ensemble learning where new classifiers are trained for new batches of data samples and the decision is made by combining all the classifiers [15–17]. However, these methods do not provide exact incremental learning, while decremental learning is not available either. Exact
incremental and decremental methods are proposed in [14,
18], but the algorithms need to store and access all the previous training data, although the complexity of model updating
is lower than retraining on all the data.
LS-SVM uses the quadratic loss instead of the hinge loss
in (regular) SVM, which can significantly reduce the training complexity. Exact incremental learning algorithms for
LS-SVM are proposed in [19, 20], but they do not support
decremental learning and require storing and accessing all
the previous training data. In [21], an approximate linear dependence condition is used to decide whether to keep each
training data sample, which is a heuristic method that does
not bound the amount of training data that needs to be kept.
The budget online LS-SVM algorithm in [22] does not require keeping all the training data, but the method is heuristic
and previously learned knowledge may not be preserved after
some number of new data samples arrive.
In summary, to our knowledge, there does not exist an
approach of exact model updating for LS-SVM which 1) supports both incremental and decremental learning, and 2) does
not require storing and accessing all the training data. We propose such an approach satisfying both 1) and 2) in this paper.
2. LEAST SQUARES SUPPORT VECTOR MACHINE
The goal of LS-SVM is to learn a model that assigns the correct label to a data sample with respect to minimizing the
squared error in the assigned labels. Formally, it learns a function f : RM → R which maps each data sample x to a label
y with the optimal classifier [23]:
w∗ = argminw∈RJ ρkwk2 +

XN
n=1

~ n ) − yn )2 (1)
(wT φ(x

where N is the number of data samples, xn ∈ RM represents the n-th data sample, M is the dimension of each data
sample. The vector w ∈ RM represents a possible model
and w∗ is the optimal model that satisfies (1). For a training
dataset containing N samples, we define an M × N matrix

X = [x1 , x2 , · · · , xN ] and a vector y = [y1 , y2 , · · · , yN ].
~
The function φ(x
i ) is a kernel function that maps the original data xi into a (possibly) higher-dimensional space (with
J dimensions) for linearly separating the data samples [23].
~ 1 ), φ(x
~ 2 ), · · · , φ(x
~ N )].
We also define Φ = Φ(X) = [φ(x
The objective function in (1) has an optimal solution given
by [23]:
w∗ = Φ[ΦT Φ + ρIN ]−1 y = [ρIJ + ΦΦT ]−1 Φy

(2)

where Ik denotes the identity matrix of size k (for given k).
3. PROPOSED MODEL UPDATING APPROACH
We present our proposed exact incremental and decremental
learning approach as follows. We first consider the general
case where we need to update the LS-SVM model by adding
Na data samples (Xa , ya ) to the training dataset and removing Nr data samples (Xr , yr ) from the training dataset at the
same time. Our main result is in Theorem 1, according to
which we can update the model exactly without the need of
accessing the unchanged data samples.
Theorem 1. For a given model
w = Φ[ΦT Φ + ρIN ]−1 y
and auxiliary matrix

(3)

C = Φ[ΦT Φ + ρIN ]−1 ΦT ,
(4)
when adding new training data (Xa , ya ) and removing existing training data (Xr , yr ), we can compute the new values of
w and C using
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where we define Φc = (Φa , Φr ),
yc = (ya , −yr ).

Φ0c

= (Φa , −Φr ), and

Proof. For the updated training dataset, we get
Φnew = (Φ, Φa |Φr ) and ynew = (y, ya |yr ), where (Z1 |Z2 )
denotes removing the columns (of a matrix) or elements (of a
vector) in Z2 from Z1 . Using (2) and (3), we can compute
the new model wnew as
−1
wnew = Φnew [ΦT
ynew
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−1
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Φnew ynew
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where we note that Φc = (Φa , Φr ), Φ0c = (Φa , −Φr ) and
yc = (ya , −yr ) by definition.
According to the Woodbury matrix identity [24],
 we have
−1
(A+U BV ) = A−1 −A−1 U I +BV A−1 U BV A−1 .
We define A = ρIJ + ΦΦT , B = 1, U = Φc , V = Φ0T
c ,
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A
Φ
.
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can
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following updating process for w:


−1
wnew = A−1 − A−1 Φc Ψ−1 Φ0T
[Φy + Φc yc ]
c A

= w + A−1 Φc yc − A−1 Φc Ψ−1 Φ0T
c w

Cnew = C +

−1
− A−1 Φc Ψ−1 Φ0T
Φc yc
c A

= w + A−1 Φc Ψ−1 yc − A−1 Φc Ψ−1 ΦT
c w


−1
−1
0T
= w − A Φc Ψ
Φc w − yc

−1 

= w + (C −IJ ) Φc ρI +Φ0T
Φ0T
c (C −IJ ) Φc
c w−yc .

The last equality holds because
i−1
ρA−1 + C = ρ ρIJ + ΦΦT
+ Φ ρIN + ΦT Φ
ΦT
h
i−1 h
i−1
= ρ ρIJ + ΦΦT
+ ρIJ + ΦΦT
ΦΦT
h
i−1 h
i
= ρIJ + ΦΦT
ρIJ + ΦΦT = I.
h

i−1

h

Similarly, we can compute Cnew as
Cnew =
=
=
=
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Corollary 2 (Decremental learning of a single data sample).
We can update w and C to remove the influence of an existing
training data sample (xr , yr ) using
wnew = w −
Cnew = C −
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Corollary 3 (Incremental learning of a batch of data samples). We can update w and C to include the influence of a
batch of new training data samples (Xa , ya ) using
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Algorithm: Our algorithm works as follows. Based on Theorem 1, when the model is trained for the first time, our algorithm computes the model w and the auxiliary matrix C
using the kernel functions computed on the entire training
dataset (Φ), according to (3) and (4) respectively. Note that
(3) is the same as (2) and hence it is optimal. When data
samples are added or removed, we update w and C according to (5) and (6), respectively. The proof of Theorem 1 has
shown that the new w and C are respectively equal to w and
C computed on the entire updated dataset. By considering
the complexity of matrix inversion, multiplication, and addition/subtraction, we can obtain that the complexity of this
algorithm is O(L3 + JL2 + J 2 L + J 3 ), where L is defined as
the total number of samples that are added and removed in the
batch (referred to as the batch size), and J is the dimension of
the kernel function output as previously defined.
For special cases where we only perform incremental or
decremental learning (but not both), either for one sample or
a batch of samples, we have the following corollaries that can
be obtained directly from Theorem 1. The update equations
for these special cases, which are given in the corollaries below, are simpler than the update equations (5) and (6) for the
general case.
Corollary 1 (Incremental learning of a single data sample).
We can update w and C to include the influence of a new
training data sample (xN +1 , yN +1 ) using
wnew = w +
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where Φa = Φ(Xa ).
Corollary 4 (Decremental learning of a batch of data samples). We can update w and C to remove the influence of a
batch of existing training data samples (Xr , yr ) using
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where Φr = Φ(Xr ).
4. EXPERIMENTATION RESULTS
The performance of our proposed model updating method
is evaluated using experiments.
We use the MNIST
dataset [25] that includes images of handwritten digits from
0 to 9, which contains a training dataset of 60, 000 samples
and a test dataset of 10, 000 samples. We train an LS-SVM
to classify even vs. odd digits.
We first consider the incremental learning process where
we separate the training data into five groups according to
their labels (digits in the MNIST dataset), i.e., 0&1, 2&3,
4&5, 6&7 and 8&9. The initial model is trained with digits 0
and 1. We sequentially add each group of data to update the
model using our proposed approach, to evaluate the scenario
where data in different subcategories are added over time.
The model accuracy is evaluated on the entire MNIST test
dataset which includes all the digits. From Fig. 1(a), we observe that the model accuracy generally increases after adding
a new group of data, which shows that our method does not
forget the previously learned knowledge. The minor decrease
of accuracy after adding digits 4 and 5 is due to different similarities between unlearned digits and learned digits.
To investigate the effectiveness of our proposed decremental learning method, we assign 50% of the original training data with randomly assigned erroneous labels based on
which we train an initial model. Then, we update the model
by gradually removing the incorrectly-labeled training data.
From Figure 1(b), we observe that the accuracy increases as
more incorrectly-labeled training data samples are removed.

(a)

(b)

(c)

(d)

(e)

(f)

Fig. 1. Experimentation results: (a) model accuracy when incrementally adding each group of data; (b) model accuracy after
removing different percentages of incorrectly-labeled training data; (c) total time for model update/retraining; (d) normalized
model updating time per data sample (total updating time/batch size) of our proposed method; (e) storage requirement; (f) error
of updated model using our proposed method caused by inaccuracies in removed training data samples.
We then compare the time needed for incremental learning (for one batch with a given size) with the time needed
in the baseline approach that retrains the model from scratch.
All the time measurements are collected on a MacBook Pro
with 2.6 GHz Intel Core i7, 32 GB memory. We use a given
amount (up to 55, 000) of training samples to train the original model. Then, we incrementally update the model with a
given batch size of new data chosen from the remaining 5, 000
training samples in the MNIST dataset. Note that the computational complexity of incremental and decremental model
update is the same, so we only focus on incremental update
here. For the baseline approach, we consider a batch size
of 10 new data samples. The results are shown in Fig. 1(c),
where we see that our proposed approach significantly outperforms the baseline in most cases (note the logarithmic scale
in the y-axis), confirming the benefit of our approach.
As discussed in Section 3, the complexity of model updating is cubic of the batch size. To illustrate this behavior, we
plot the batch-size normalized running time in Fig. 1(d). We
see that the model updating process is the most efficient when
the batch size is around 1, 000.1 As the model updating is exact, updating a large batch is equivalent to updating multiple
small batches in a sequence. The latter approach can significantly reduce the model updating time for large batches.
The baseline approach needs to store all the data used to
train the original model, in order to retrain from scratch. This
is in contrast to our approach which only needs to store the
vector w and matrix C, which significantly reduces the storage requirement, as shown in Fig. 1(e).
1 The higher updating time with small batch size (less than about 1,000)
is due to the overhead of the repetitive function calls to perform many such
updates. This can be avoided if they can be executed in parallel.

In scenarios where the training data samples that need to
be removed are not available, the proposed model updating
method may still work if estimations of such data samples
exist. Fig. 1(f) considers removing the influence of one data
sample and shows the relative error in the updated model parameter wnew when there exists a certain relative error in the
data sample to be removed. We see that when the error in the
data sample is below 10%, the resulting error in the model is
less than 1%, which is negligible.
5. CONCLUSION
We have proposed a model updating process for LS-SVM. By
leveraging a unique auxiliary matrix, the proposed approach
can update the model incrementally or decrementally without direct access to the previous training data. Our proposed
method can achieve exact model updating while protecting
the privacy of non-updated training data. The effectiveness of
our approach has been confirmed through experiments.
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